Over a large fraction of phase space a combination of an operator product and heavy quark expansions effectively turn the decayB → D ( * )0 e + e − into a "short distance" process, i.e., one in which the weak and electromagnetic interactions occur through single local operators. These processes have an underlying W-exchange quark diagram topology and are therefore Cabibbo allowed but suppressed by combinatoric factors and short distance QCD corrections. Our technique allows a clearer exploration of these effects. For the decayB d,s → J/ψ(η c )e + e − one must use a non-relativistic (NRQCD) expansion, in addition to an operator product expansion and a heavy quark effective theory expansion. We estimate the decay rates forB d,s →
I. INTRODUCTION
In a recent paper [1] we considered the collection of decays B + → D ( * )+ s,d e + e − . The decay rate for these is proportional to |V ub | 2 . We found that over a large kinematic domain one can reliably estimate the rate (in terms of |V ub | 2 ). The process is first order weak and first order electromagnetic, and, therefore, the amplitude involves long distance physics. The central observation of [1] is that over a large kinematic domain the interaction is local on the scale of strong dynamics. The amplitude can, therefore, be approximated by the matrix elements of local operators, which can be estimated in a variety of ways and should eventually be determined in numerical simulations of QCD on the lattice. The branching fraction for
s e + e − , restricted to invariant mass of the e + e − pair in excess of 1.0 GeV, was estimated to be 1.9 × 10 −9 . This is too small to be measured in e + e − B-factories, but could be observable at high luminosity high energy hadronic colliders.
In this paper we consider the decaysB e + e − it is a heavy b-anti-quark that decays into a heavy c-quark. The caseB d,s → J/ψ(η c )e + e − is clearly different: both quark and anti-quark in the final state are heavy and they are moving together in a bound charmonium state. As we will see the expansion that arises naturally corresponds to NRQCD, the non-relativistic limit of heavy quarks bound by QCD into quarkonia.
The processes under consideration here have advantages compared to B + → D ( * )+ s,d e + e − .
These processes are not suppressed by the small CKM element |V ub | 2 . One might hope that the decay rate is, therefore, substantially higher. However, the enhancement of the rate due Emission of a e + e − pair from any line is understood.
to bigger CKM elements is partially cancelled by small Wilson coefficients. Therefore, all these processes have small branching fractions. While none are observable at B-factories, some are observable at future hadronic collider experiments like LHC-B and BTeV.
These processes are first order weak and first order electromagnetic, and, therefore, the amplitude involves long distance physics. We will show that over a large kinematic domain the interaction is approximated by a set of matrix elements of local operators. All these matrix elements should eventually be determined by lattice calculations. For the processes considered in this paper, the number of independent matrix elements is reduced by the use of rotational, heavy quark spin and chiral symmetries. This paper is organized as follows. In Sec. II we review the methods of Ref. [1] that lead to an expansion in local operators. The review is done in terms of the graphs relevant tō B → D 0 e + e − , which is one of the processes of interest here. In Sec. III we present a novel analysis that shows that the matrix elements of the operators in the expansion are all related by a combination of heavy-spin, rotational and chiral symmetries. We then proceed to find the short distance QCD corrections to our operator expansion in Sec. IV. In Sec. V we give expressions for the differential decay rates in terms of matrix elements of local operators.
These should be considered our main results. To get some numerical estimates of the decay rates we crudely approximate the local matrix elements. 
II. OPERATOR EXPANSION
In this section we review the method introduced in [1] . However, we will present the method as applied to the processB d → D ( * )0 e + e − . Therefore we will at once review the method and perform the necessary calculation for one of the cases of interest.
The effective Hamiltonian for the weak transition inB d → D ( * )0 e + e − , is
where
and
P ± ≡ (1 ± γ 5 )/2 and T a are the generators of color gauge symmetry. This is a useful basis of operators for our purposes since the hadronic matrix element of the "octet" operator O 8 is suppressed. The dependence on the renormalization point µ of the short distance coefficients c and c 8 cancels the µ-dependence of operators, so matrix elements of the effective Hamiltonian are µ-independent.
The amplitude forB d → D ( * )0 e + e − , to leading order in weak and electromagnetic interactions and to all orders in the strong interactions involves the following non-local matrix element:
Here q denotes the momentum of the e + e − pair, j µ em is the electromagnetic current operator and the operator O, defined in Eq. (2) , is the long distance approximation to the W -exchange graph. The full amplitude will of course also involve a similar non-local matrix element but with the "singlet" operator O replaced by the octet operator O 8 . For now we concentrate on the singlet operator. None of the arguments given in this section depend on the particular choice of the operator.
We will now argue that for heavy b and c quarks the non-local matrix element in Eq. (4) is well approximated by the matrix element of a sum of local operators. The approximation a minimum q 2 for realistic calculations were our approximations can still be trusted. We return to this practical matter below, when we attempt to estimate the rate for this decay.
The underlying decay is represented in the quark diagrams of Figs. 2-5. In the heavy quark limit, Λ QCD ≪ m c,b , the heavy meson momentum is predominantly the heavy quark's.
This suggests the following kinematics in the quark diagrams: for the momenta of the heavy quarks take m b v + k b and m c v ′ + k c , for the momenta of the light quarks take k u and k d
and then the photon's momentum is determined by conservation,
We can now exhibit our OPE by considering the quark Green functions in Figs. 2-5. The convergence of the expansion for physical matrix elements rests on the intuitive fact that the residual momenta k i will be of order Λ QCD (parametrically all we need is that these are independent of the large masses). This intuition is made explicit in Heavy Quark Effective Theory (HQET): there are no heavy masses in the HQET-Lagrangian so the only relevant dynamical scale is Λ QCD . Thus our expansion of a non-local product will be in terms of local operators of the HQET.
Calculating the Feynman diagram of Fig. 2 with our choice of kinematics we have
Here Q c = 2/3 is the charge of the c-quark and the tensor product corresponds to the two 
This Green's function is that of a local operator in the HQET. Denoting by h
the annihilation operator for the heavy quark with four-velocity v, we definẽ
Here Γ b,c are arbitrary Dirac matrices. With Γ c ⊗ Γ b set equal to the tensor product in (6),
the operator expansion is
The ellipses indicate terms of higher order in our expansion, and correspond to higher derivative operators suppressed by powers of m c,b . There are also perturbative corrections to this expression. These show up as modifications to the operator defined by setting Γ c ⊗Γ b equal to (6) .
The diagram of Fig. 3 can be analyzed in complete analogy. It leads to the operatorÕ with the choice
where Fig. 4 gives
and for Fig. 5 the OPE gives
III. SPIN SYMMETRY
We have shown how to replace the time ordered product in Eq. (4) by a local operator.
The replacement is valid provided the invariant mass of the lepton pair is large, i.e., scales as q 2 ∼ m 2 c,b . The operatorÕ that replaces the time ordered product is defined by Eq. (7), with the tensor Γ c ⊗ Γ b defined as the sum of the contributions in Eqs. (8) , (10) , (11) and (12). We now show how to relate the matrix element of this operator to the operator
This operator is not only simpler, but one can estimate its matrix elements by a variety of means, as we explain below.
Consider the matrix element ofÕ as defined in Eq. (7) for arbitrary tensor product Γ c ⊗ Γ b between heavy meson states. We will use heavy quark spin symmetry to determine the matrix elements of this operator between heavy meson states. Recall that the HQET lagrangian
is symmetric under the group SU(2) b × SU(2) c of transformations acting on spin indices of the heavy quark fields:
At v ′ = v the symmetry is enlarged to U(4), which contains an SU(2) subgroup corresponding to a flavor symmetry. For now we will need only the spin symmetries.
In order to make use of these symmetries, it is convenient to represent a spin multiplet consisting of a pseudoscalar P and a vector meson V µ by a 4 × 4 matrix
Then S b ∈ SU(2) b and S c ∈ SU(2) c act simply on the left,
while an arbitrary rotation R represented by the Dirac matrix D(R) acts simultaneously on both multiplets according to
Consider now the matrix element H (c)
v , so they enter the matrix element as the product
v . A similar argument with SU(2) c gives then
Finally, invariance under rotations implies that the remaining four indices must be contracted. There are two possible contractions,
We now show that the second one is excluded by chiral symmetry. The lagrangian for a massless quark in QCD,
is invariant under the chiral symmetry
where α, the parameter of the transformation, is a real number. Under this symmetry the transformation rule for our tensors is
It is seen that the first contraction of indices in (18) is invariant, but the second one is not.
We have shown that heavy quark spin symmetry, rotations and light quark chiral symmetry combine to give
We have indicated that the invariant matrix element β is a function of w = v · v ′ . In general, it is a function of v and v ′ . However, since it must be Lorenz invariant and since
The octet operator in the HQET,
has the same spin and heavy flavor symmetry properties as its singlet counterpart. Therefore in complete analogy we can introduce a reduced matrix element β 8 :
The authors of Ref. [3] proposed a relation analogous to Eq. (23) for a ∆B = 2 transition.
It was noted there that spin symmetry allowed more than one invariant and that, however, all invariants lead to the same symmetry relations. One may wonder if our use of chiral symmetry may help relate the different invariants there. We show that this is not the case.
For the ∆B = 2 case the analogue of Eq. (17) is
invariance under rotations implies that the remaining four indices must be contracted and, again, there are two possible contractions,
Chiral symmetry for the antiquark's meson tensor is just as for the quark's in Eq. (21),
Therefore both contractions in (27) are allowed by chiral symmetry. However, it is easy to see that for a class of operators of interest the two contractions are equivalent. If
for any arbitrary Dirac matrixΓ the two contractions are related by Fierz rearrangement.
This class of operators includes the B −B mixing case studied in Ref. [3] .
IV. QCD CORRECTIONS
Consider the operator expansion in Eq. (9) . We have seen that at leading order the operator on the right hand side is given by Eqs. (7)- (8). We now consider the leading-log corrections to this relation. In the large mass limit these are formally the largest, leading corrections to the operator expansion. A renormalization scale µ must be stipulated for the evaluation of matrix elements of the composite operators on both sides of Eq. (9). It is often convenient to evaluate the matrix elements at a low renormalization point µ = µ low . This choice makes the matrix elements in the HQET completely independent of the large masses of the heavy quarks. If µ low ≪ m c,b there are large corrections to Eq. (9) in the form of powers of α s ln(m c,b /µ low ). These powers of large logarithms can be summed using renormalization group techniques. The corrections to these "leading-logs" are of order 1/ ln(m c,b /µ low ) or α s . It is important therefore to keep µ low small, but large enough that perturbation theory remains valid. When we estimate decay rates below, we use µ low = 1.0 GeV.
To study the dependence on the renormalization point µ we take a logarithmic derivative on both sides of Eq. (9). Consider first the left side. Acting with µ(d/dµ) on the charm number currentcγ µ c gives zero, because the current is conserved. The action of µ(d/dµ) on the composite four-quark operator is a linear combination of itself and the octet operator.
It is therefore convenient to consider instead the linear combination that appears in the effective Hamiltonian (1):
The coefficients c and c 8 are such that the left hand side is µ-independent. This is necessary for the physical amplitude to be independent of the arbitrary choice of renormalization point µ. Therefore our task is to determine the proper µ-dependence forc andc 8 so that the right hand side is also independent of µ. Therefore, if the operators satisfy
where γ is a 2 × 2 matrix of anomalous dimensions, then the coefficients must satisfy
Here "T " denotes transpose of a matrix. In principle the different tensor structures Γ c ⊗ Γ b definingÕ andÕ 8 can have different anomalous dimensions and even mix among themselves. However spin symmetry ensures that the anomalous dimension matrix is independent of the tensor structure Γ c ⊗ Γ b .
We find
wr(w) − wr(w))
The solution to the renormalization group equation (31) is straightforward. In terms of the ratio of running coupling constants
and the functions
where the coefficient of the one loop term of the β-function for QCD is b 0 = 11 − 2 3 n f , and n f is the number of light flavors (n f = 3 in our case), we obtain
The question that remains is how to determine the coefficientsc andc 8 at some scale µ 0 . But we have already determined these coefficients in Sec. II. Recall that the operator Õ that replaces the time ordered product is defined by Eq. (7), with the tensor Γ c ⊗ Γ b defined as the sum of the contributions in Eqs. (8), (10), (11) and (12) We thus have thatc(µ) andc 8 (µ) are given by Eqs. (37) and (38), with
For illustration we have given the leading log expression for the coefficients c(µ 0 ) and We are ready to compute decay rates. Defining Our computation gives
and It is now a trivial exercise to compute the differential decay rate. Integrating the rate in Eq. (43) over the variable t we obtain
Here 
In these we have neglected the electron mass.
In order to obtain a numerical estimate of the branching fraction we need to calculate the hadronic matrix elements β and β 8 . While these could be studied in Monte Carlo simulations of QCD on the lattice, at the moment we have no reliable information on their magnitude.
These matrix elements are similar to the matrix element of the ∆B = 2 operator for B −B mixing. Lattice QCD [5] indicates that the vacuum saturation approximation works very well for B −B mixing. Therefore we take vacuum saturation as an educated guess 1 for β 
Here z is defined in Eq. (34) and a I = 2/b 0 [7] is the well known anomalous scaling power for the heavy-light current in HQET. 2 Thus we obtain
The second equation is true not just in vacuum saturation but also in the approximation that we can insert a complete set of states between the currents definingÕ 8 . This is not an exact statement because the composite operatorÕ 8 does not equal the product of two currents. But the distinction arises from their different short distance behavior. So we 1 The matrix elements in B + → D ( * )+ e + e − can be related by symmetry to the matrix element for B −B mixing, if the matrix element of the octet is negligible; see Ref. [6] 2 The two factors of z −a I really correspond to distinct running, between m b and µ low for the first factor, and between m c and µ low for the second. The distinction is of higher order than we have retained, if we assume that the heavy scales m b and m c are not too disparate, that is, that α s does not run much between these scales.
expect the deviation of β 8 from zero to be of order of the QCD coupling at short distances α(µ 0 ) times the unsuppressed β.
Using these matrix elements we integrate the differential rate in Eq. (46) over the range
max to obtain a partial decay rate. We have chosen q Our best hope in making the nature of the expansion explicit is to use NRQCD [8] , the effective theory of non-relativistic quarks in QCD. As opposed to HQET, where all the heavy mass dependence has disappeared, the lagrangian of NRQCD still depends on the heavy mass:
Here Ψ denotes a two component spinor field for the c-quark. A separate spinor field must be included to describe the antiquark. We have written the lagrangian in the restframe of charmonium, but it is straightforward to boost into a moving frame. One relies on the dynamics to generate the small parameter of the expansion. The operator expansion is in terms of operators with an HQET quark, a light quark and a pair of NRQCD quark-antiquark. So instead of Eq. (7) we havẽ
where Ψ † c and Ψc create a charm quark and a charm antiquark, respectively. We elect to use four component spinors throughout; the reduction to two components results from algebraic constraints that must be imposed, just as in HQET:
The calculation proceeds much as before. The effective Hamiltonian for the weak transition is
3 Attempts to make the expansion in u The operator expansion of the hadronic matrix element takes the form
whereÕ is defined in (54) and the octet operatorÕ 8 is defined analogously,
The first task is to determine the tensor Γ b ⊗ Γ c . To this order we consider Green functions of the time ordered product in Eq. (58) Fig. 7 gives
and Fig. 8 gives
Note that the denominator, which dictates the convergence of the expansion, scales with 
For the first we have and for the second
Again we see that the expansion remains valid as long as q 2 scales with the heavy masses (squared), and this limitation arises solely from the coupling of the photon to the light quark.
B. Spin Symmetry
The NRQCD lagrangian contains separate fields for the charm quark and antiquark. The We can represent the charmonium spin multiplet (η c , J/ψ) by the 4 × 4 matrix
The action of spin-SU(2) × SU(2) on this is then
Consider the matrix element H Finally, rotations demand that we sum over the two remaining indices,
Similarly, for the octet operator we find
We have used the same symbols here for operators and reduced matrix elements as in Secs. II
and III, but they should be understood as distinct. As a matter of principle, in the large mass limit it is these latter logs that must be summed (they are parametrically of leading order in the large mass expansion). Therefore we re-sum the leading logs with a fixed low scale µ = µ low and choose, as before, µ low = 1.0 GeV in our numerical computations.
In order to use dimensional regularization and keep track of different orders in the nonrelativistic expansion we adopt the 1/c counting advocated in Ref. [10] . However, we use a covariant gauge for our calculations. This is convenient because the Feynman diagrams involve light and HQET quarks in addition to the NRQCD quarks. In leading order in the 1/c expansion the quark lagrangian in (53) is replaced by
The only interactions are due to temporal gluon exchange. Since we work in covariant gauge, this is not a pure Coulomb potential gluon. It is easy to see that no diagram involving an NRQCD quark gives a divergent contribution. The self-energy diagrams for the NRQCD quarks have an infinite piece, which however is independent of the momentum and therefore gives no contribution to wavefunction renormalization. Therefore the four quark operators scale as the heavy-light currents. That is
is the anomalous dimension matrix in the renormalization group equation for the operators,
Then the coefficients must satisfy
where, as above, "T " denotes transpose of a matrix.
The solution is trivial,c
where z is defined in Eq. (34) and a I = 2/b 0 is the well known anomalous scaling power for the heavy-light current in HQET [7] .
Contributions from higher orders in the 1/c expansion produce mixing with higher dimension operators and are therefore excluded to the order we are working. This is easy to 
D. Rates
Defining
where Ψ = η c , J/ψ, the decay rate for B s → Ψe + e − is given in terms of q 2 and t ≡
where ℓ µ =ū(p e − )γ µ v(p e + ) is the leptons' electromagnetic current. A sum over final state lepton helicities, and polarizations in the Ψ = J/ψ case, is implicit.
We obtain
and 
For a numerical estimate we need to calculate the matrix elements β and β 8 . Again we use vacuum saturation. However, now this approximation is supported by NRQCD. It is argued in Ref. [11] that soft gluon exchange with the quarkonium is suppressed by powers of the relative velocity u = α s (m c ), and that the matrix element of the octet operator is similarly suppressed. Therefore we take
Note that because vacuum saturation here is valid at least as a leading approximation in a velocity expansion, the combination of coefficients in (72)-(72) and matrix elements in (81)- (82) is automatically independent of the renormalization point µ. Spin symmetry gives f ηc = f J/ψ . We use the measured value from the leptonic width in the tree level rate equation, Γ(J/ψ → e + e − ) = 4πα
and obtain f J/ψ = 0.16 GeV.
Integrating over q 2 ≥ 1. interaction is replaced by a sum of local operators. The application of the OPE is restricted to a limited kinematic region.
In the processesB d,s → J/ψe + e − andB d,s → η c e + e − our method leads naturally to an NRQCD expansion for the J/ψ and η c . This illustrates that the methods of Ref. [1] are applicable to a wider class of processes.
Furthermore we found that the number of independent matrix elements of the local operators is severely restricted due to a combined use of heavy-spin, rotational and chiral symmetry. The independent matrix elements could be determined, say, in lattice simulations. Our paper shows that the processes considered can be studied in a systematic fashion independent of any model assumptions in the kinematic regime of q 2 scaling like m Using a crude estimation of the matrix elements, we found the rates of all the processes considered to be small. We expect some of them, in particularB s → D * 0 e + e − , should be accessible at planned experiments at hadron colliders, like BTeV or LHC-B.
